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Herb Holden once observed that packing material consisting of copies of a 
cube of side 2 inches from which a unit corner cube is removed tiles R3 by 
translates. In [l] Conlan generalized this fact, proving that a polytope obtained 
from a unit cube in R3 by deleting a corner box of which two dimensions are 
rational and one dimension is a unit fraction also tiles R3 by translates. We 
generalize this result by replacing R3 by R” and removing any restriction on the 
dimensions of the deleted box. 
Our main result is the following. 
Theorem 1. Let al, u2, . . . , a,, be n real numbers, 0 < Ui < 1, 1 G i s II. Let K be 
the polytope obtained from the unit cube {(x1, x2, . . . , x,): 0 <xi c l} by deleting 
the rectangular box {(x1, x2, . . . , x,): 1 -ai <xi 6 1). Then R” cun be tiled by 
translates of K. 
The proof makes use of permutations, which are the subject of two lemmas. 
Lemma 1. Let f be a cyclic permutation of { 1, 2, . . . , n}. Let o be a permutation 
of {I,% * . . 7 n} such that for each i, 1 G i s n, u(i) is i or f (i). Then o is either f
or the identity permutation of { 1, 2, . . , , n}. 
Proof. Let A = {i: u(i) = i}. If A = (1, 2, . . . , n}, then o is the identity per- 
mutation; if A = 9, then u is f. If A is neither {1,2, . . . , n}, nor #, let 
B = {1,2, . . . , n} -A. Then o(B) = f (B). Since o(A) = A, it follows that 
o(B) = B, hence that f(B) = B. This contradicts the assumption that f is 
cyclic. 0 
Lemma 2. Let f be a cyclic permutation of { 1,2, . . . , n} and let x1, x2, . . . , x, be 
real numbers. Let M = (aij) be the n by n matrix that has l’s along the main 
diagonal, Xf(i) at (i, f (i)), and O’s elsewhere. Then the determinant of M is 
1+ (-1)“_‘x1x2 * - ‘X”. 
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Proof. The determinant of M is 1, (-1)SBnaaI,o~u2a~2~ - - - a,,(,). By Lemma 1, 
only two of the summands are not 0. One of these has the value 1 and the other, 
(-l)n-lX1X2 - * -x,. cl 
Proof of Theorem 1. Let f be a cyclic permutation of {1,2, . . . , n}. Let vi, 
1 <j c n, be the n-dimensional vector that has 1 as its jth coordinate, -a,,, as its 
f(j)-coordinate, and O’s elsewhere. Let L be the lattice spanned by these vectors. 
We will show that translates of K by the vectors in L tile IR”. 
By Lemma 2, the determinant of L is 1 + (-l)“-‘( -l)“aIa3 - - - a, = l- 
uru2 * - * a,, which is the volume of K. Therefore, if the translates of K by L pack 
R”, they tile R”. All that remains is to show that they pack R”. 
Now, translates of K by L pack R” if and only if the origin is the only element 
of L in the interior of the difference body K - K. So we will prove that if P E L is 
in the interior of K - K, then P is the origin. 
Let P = ~~=I mjvj, where mj E Z, be in the interior of K-K, hence in the 
interior of the cube {(x1, x2, . . . , x,): IXjl s l}. Assume that at least one of the 
coefficients in the expression for P is non-zero, say, mfci), which can be taken to 
be positive without loss of generality. The f(i)th coordinate of P is mfcij - miuf(ij. 
Since this coordinate must be less than 1, mi is positive. Similarly, since mi is 
positive, SO is +1(i). Similarly, so is +2(i). Continuing in this fashion, and using 
the fact that f is a cycle, we conclude that ml, m2, . . . , m, are all positive. 
Let mi be the minimum of {ml, m2, . . . , m,}, and rewrite P = ~~zl mjuj as 
j=l j#i 
Note that since CyZI Vi = (1 - al, 1 - u2, . . . , 1 -a,), all its coordinates are 
positive. 
The f(i)th coordinate of Cj+i (mj - mi)uj is mf(i) - mi. Since the f(i)th 
coordinate of P is less than 1, we have mf(i) - mi 6 0, hence rnfcij = mi. Since rnfuj 
satisfies the same assumption that mi does, mf(z)(i) = rnfu). Continuing in this 
fashion shows that m, = mz = - * - m,. Hence by (1) P = mi ~~El Vjo 
Now, C;zl vi is not only a vertex of the deleted box, but also a vertex of K - K. 
Since mi 5 1, P is not in the interior of K - K. This contradiction shows that P is 
the origin and completes the proof. Cl 
The next theorem shows that if the numbers aI, u2, . . . , a, in Theorem 1 are 
distinct, then tilings by K that correspond to distinct cycles are geometrically 
inequivalent. 
Observe first that if there is an isometry that takes one such tiling to another, 
then there is one that takes the translate of K at the origin into itself. Since the 
numbers al, a2, . . . , a, are distinct, this isometry is therefore the identity of II%“. 
So, if two tilings constructed as in the proof of Theorem 1 for different cycles are 
geometrically equivalent, they are identical. As the next theorem shows, 
however, tilings induced by distinct cycles are not identical. 
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Theorem 2. Let f and g be distinct cycles on { 1,2, . . . , n} and L1 and Lz be the 
corresponding lattices, as constructed in the proof of Theorem 1. Then L, and L2 
are not identical. 
Proof. Assume that L1 = Lz. After reindexing the axes, we may assume that f is 
the cycle (1, 2, . . . , n). Since g #f, there is a vector in L2 of the form 
(0, . . . , 0, 1, 0, . . . , 0, -ai+l, 0, . . . , 0), where 1 is in the ith place, i fj, and 
-aj+l is in the (j + 1)-place. (We view the index n + 1 as 1.) The vector 
(0, . . . , 1, -aj+l, 0, . . . , 0) is present in L1. Since L2 = L1, the difference of 
these two vectors, 
v=(O )...) O,l,O )...) o,-l,o )...) O), 
where 1 is in the ith place, -1 is in the jth place, and O’s are in the remaining 
places, is in L1. We will show, however, that v is not in L,. 
Write v as Cy=r xivi, where ui = (0, . . . , 0, 1, -ai+i, 0, . . . , 0) and the xi are 
real. We will compute xi and show that it is not an integer. 
Since u = Cy=i xiui, we have the n equations: 
O=Xi -x,a,, . . . , O=Xi_l -Xi__2Ui_l, 
1 =Xi -Xi_lUi, 
O=Xi+l-XiUi+l,. . . , O=Xj-1 -xi_2ai_I, 
-1 = Xj - Xj-lfZj, 
I 
(2) 
O=Xj+l-XjUj+l, . . . ,0=X, -x,_Ia,. 
It is no loss of generality to assume i <j. If i > 1 and j <n, elimination using Eq. 
(2) shows that 
a1a2. . . 
xt = 
Uj+l(UjUj_l ’ ’ * Ui+l - 1) 
1-aIa2...a, . 
Since - 1 <x1 < 0, xi is not an integer. A similar argument applies when i = 1 or 
j=n. Cl 
Theorems 1 and 2 shows that if the n dimensions of the deleted box are 
distinct, then there are at least (n - l)! geometrically inequivalent tilings of R” by 
translates of K, the notched cube. It can be checked that for n = 1,2, and 3 there 
are only (n - l)! tilings by translates of K. 
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